
BC Calculus Improper Integrals Day 3 Notesheet Name: ________________________________________ 

Sometimes, we cannot find the antiderivative of an integrand of an improper integral. However, we might be 

able to draw a conclusion about its convergence or divergence if we can compare it to something similar for 

which we do something. 

 

Direct Comparison Test for Convergence or Divergence 
 
Let 𝑓 and 𝑔 be continuous on [𝑎,∞) with 0 ≤ 𝑓(𝑥) ≤ 𝑔(𝑥) for all 𝑥 ≥ 𝑎, then 
 

If ∫ 𝑔(𝑥)𝑑𝑥
∞

𝑎
 converges, then ∫ 𝑓(𝑥)𝑑𝑥

∞

𝑎
 also converges. In other words, if the larger one converges, the 

smaller one also converges. 
 

If ∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎
 diverges, then ∫ 𝑔(𝑥)𝑑𝑥

∞

𝑎
 also diverges. In other words, if the smaller one diverges, the larger 

one also diverges. 
 

 

Example 1 If 0 ≤ 𝑒−𝑥
2
≤ 𝑒−𝑥 for all 𝑥 ≥ 1, determine if ∫ 𝑒−𝑥

2
𝑑𝑥

∞

1
 converges or diverges. 

 
 
 
 
 
 
 
 
 
 

Example 2 Determine if ∫
2+cos𝑥

𝑥
𝑑𝑥

∞

𝜋
 converges or diverges. 

 
 
 
 
 
 
 
 
 
 

Example 3 Determine if ∫
2

𝑥+𝑒𝑥
𝑑𝑥

∞

4
 converges or diverges. 

 
 
 
 
 
 
 
 
 
 
 



Example 4 Determine if ∫
2

𝑥−𝑒−𝑥
𝑑𝑥

∞

4
 converges or diverges. 

 
 
 
 
 
 
 
 

 

Limit Comparison Test for Convergence or Divergence 
 
If the positive functions 𝑓 and 𝑔 are continuous on [𝑎,∞) and if 
 

lim
𝑥→∞

𝑓(𝑥)

𝑔(𝑥)
= 𝐿, 0 < 𝐿 < ∞, 

then 
 

∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎
 and ∫ 𝑔(𝑥)𝑑𝑥

∞

𝑎
 both converge or diverge. 

 

  

Example 5 Determine if ∫
2

𝑥+𝑒𝑥
𝑑𝑥

∞

4
 converges or diverges. 

 
 
 
 
 
 
 
 

Example 6 Determine if ∫
𝑑𝑥

2+𝑥2
∞

1
 converges or diverges using the Limit Comparison Test 

 
 
 
 
 
 
 
 

Example 7 Determine if ∫
𝑑𝑥

5+𝑥3
∞

1
 converges or diverges using the Limit Comparison Test 

 
 

 

 


