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You have already seen that the equation 𝑦 = ∫𝑓(𝑥)𝑑𝑥 has many solutions (each 
differing from the others by a constant 𝐶). This means that the graph of any two 
antiderivatives of 𝑓(𝑥) are vertical translations of each other. The graph to the left 
shows several members of the family of antiderivatives 𝐹(𝑥) = 𝑥3 − 𝑥 + 𝐶  
 for the function 𝑓(𝑥) = 3𝑥2 − 1. 
 
The constant 𝐶 in 𝐹(𝑥) is called the constant of integration. 𝐹(𝑥) is called the 
general antiderivative of 𝑓(𝑥) and 𝐹(𝑥) = 𝑥3 − 𝑥 + 𝐶 is called the general 
solution to the equation 𝑦 = ∫(3𝑥2 − 1)𝑑𝑥. 
 
In many applications of integration, you are given enough information to 
determine a point on the antiderivative. This point is referred to as the initial 
value or initial condition. This information allows you to find a specific value of 𝐶 
and the resulting unique equation that is both the antiderivative and goes through 
the initial value is called the particular solution to the equation (in this case,  
𝑦 = ∫(3𝑥2 − 1)𝑑𝑥). 

Example 1 Find the general solution to the equation 𝑓(𝑥) = ∫6𝑥𝑑𝑥 then find the particular solution that 
satisfies the initial condition 𝑓(0) = 8. 
 
 
 
 
 
Example 2 Find the general solution of 𝑓(𝑥) = ∫3𝑥2𝑑𝑥 then the particular solution that satisfies the initial 
condition 𝑓(2) = −3. 
 
 
 
 
 
 

Differential Equations 

An equation like 

𝑑𝑦

𝑑𝑥
=
𝑥3

𝑦
 

containing a derivative is called a differential equation. The order of a differential equation is the order of the 

highest derivative involved in the equation. The problem of finding a function 𝑦 of 𝑥 when given its derivative 

and its value at a particular point is called an initial value problem. The value of 𝑓 for one value of 𝑥 is the initial 

condition of the problem. When all the functions 𝑦 that satisfy the differential equation have been found, then 

the differential equation has been solved. When the particular solution that fulfills the initial condition has been 

found, then the initial value problem has been solved. 

Examples of differential equations 

𝑑𝑦

𝑑𝑥
=
𝑥2

2𝑦
 

 

𝑑2𝑦

𝑑𝑥2
= cos𝑥 

 

𝑑𝑦

𝑑𝑥
= 3𝑥 + 2 

 

 



The previous examples are all called separable differential equations because it is possible to separate all the 𝑥 

and 𝑦 variables. When given a separable differential equation  in Leibniz form (
𝑑𝑦

𝑑𝑥
), it is mandatory to show the 

separation of variables by rewriting the function in differentiable form. If 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥), then 

𝑑𝑦 = 𝑓(𝑥)𝑑𝑥 is the differentiable form. 

The process of finding the antiderivatives of each side of the above equation is called indefinite integration. We 

can denote this operation with an integral symbol. By taking the integral of both sides of the differential form to 

find the general solution, we get 

∫𝑑𝑦 = ∫𝑓(𝑥) 𝑑𝑥 

𝑦 = 𝐹(𝑥) + 𝐶 

Solving Differential Equations Using Separation of Variables 

1. Move everything “𝑦” to the left (including 𝑑𝑦) and everything “𝑥” to the right (including 𝑑𝑥). Keep 
constants on the right if possible. 

2. Integrate both sides and add +𝐶 to the “𝑥” side. (You do not need to add constants to both sides because 
you would just combine the constants together which would just produce a constant).  

3. If you are given a point, plug-in the point and solve for 𝐶, then substitute the value you found in for 𝐶. 

4. Solve the equation for 𝑦. 

 

Example 3 Solve 
𝑑𝑦

𝑑𝑥
= sin 𝑥 using separation of variables if 𝑦(0) = 2. 

 
 
 
 
Example 4 The acceleration of a body moving along a coordinate line can be modeled by the function  
𝑎(𝑡) = cos 𝑡. Find the velocity and position functions if 𝑣(0) = −1 and 𝑠(0) = 1. 
 
 
 
 
 

Example 5 Find the general solution for 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥 + 20(1 + 𝑥2)−1 then the particular solution that satisfies the 

initial condition 𝑦(0) = −2. 
 
 
 
 
 
 

Example 6 Find the general solution for 
𝑑𝑦

𝑑𝑥
= 3𝑦 then the particular solution that satisfies the initial condition 

𝑦(0) = 1. 
 


